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Abstract We have developed a program for the simu-
lation of the fluorescence fluctuations as detected from
highly diluted samples of (bio)molecules. The model is
applied to translational diffusion and takes into account
the hydrodynamic interactions. The solution concen-
tration is kept constant by assuming periodic boundary
conditions and spans here the range 0.5<C<10 nM.
We show that the fluorescence correlation functions can
be accurately computed on systems of limited size (a
few molecules per simulation box) by simulating for a
total time ~100-300 times the diffusion relaxation time
of the fluorescence autocorrelation function. The model
is applied also to the simulation of the scanning fluo-
rescence correlation spectroscopy (FCS) and of the
photon counting histograms for the confocal collection
configuration. Scanning FCS simulations of highly di-
luted samples (C~0.5 nM) show anticorrelation effects
in the autocorrelation functions of the fluorescence
signal that are less evident for higher concentrations.
We suggest here that this effect may be due to the
non-uniform occupancy of the scanning area by the
fluorophores.

Keywords Fluorescence correlations - Brownian
dynamics - Photon counting - Autocorrelation
functions - Scanning fluorescence correlation
spectroscopy

Introduction

Fluorescence correlation spectroscopy (FCS) has been
widely applied to the investigation of highly dilute bio-
logical samples. It allows detection of tiny amounts of
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fluorescent molecules and to assess the degree of their
aggregation (Quian and Elson 1990) and interactions
(Schwille et al. 1997; Kask et al. 2000) by directly
counting them in solution (Chen at al. 1999; Kask et al.
1999). This feature is based on the possibility of mea-
suring accurately the fluorescence fluctuations, correct-
ing them for the possible contribution from uncorrelated
background, shot noise and triplet states (Widengren
et al. 1995). A second parallel method for counting the
fluorescent particles in dilute solutions is based on the
computation of the photon-counting histograms (Chen
et al. 1999; Muller et al. 2000). In all these cases, ana-
lytical models have been developed and simple expres-
sions are available to describe the trend of the
experimental data.

However, the study of a number of phenomena by
fluorescence fluctuation spectroscopy can take relevant
advantage from the use of numerical simulations. The
analysis of fluorescence data for the study of molecular
photo-dynamics and interactions can be improved by
refined theoretical treatments based also on numerical
simulations. Moreover, recent developments in micros-
copy have led to increasing spatial resolution (of the
order of 300 nm) that is now comparable with the size of
some biological molecules such as small plasmid DNAs
or large protein systems. The fluorescence fluctuations
arising from the diffusional motion of single macro-
molecules in the beam spot are difficult to predict with
analytical models and the numerical simulations are
expected to help substantially in the treatment of the
spectroscopic data. In order to exploit the potentiality of
the numerical simulations in this research, a preliminary
study of the limitations and the specific requirements for
the study of the fluorescence fluctuations must be
performed.

The aim of the present communication is the
description and test of a program for the Brownian
dynamics simulation of fluorescence fluctuation
spectroscopy in highly dilute solutions of small macro-
molecules such as globular proteins. We discuss the re-
quirements for obtaining sensible simulations of the
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autocorrelation functions also by comparing the classi-
cal FCS to the scanning FCS method. The protocol for
the simulation procedure of the photon counting histo-
gram is also outlined and applied. We further show that
fluorescence correlation measurements with scanning
methods in highly dilute solutions or on single molecules
may lead to definite anticorrelations in the correlation
function when observed for short times of ~10 times the
diffusion time of the macromolecules in the excitation
volume. We speculate on the possibility that these
anticorrelation features could be exploited for the
investigation of the structure of macromolecules of the
size of the laser beam waist.

Description of the model
Brownian dynamics model

We treat the case of small globular proteins whose
translational frictional properties can be simulated by
beads with radius a. We allow for different sizes of the
proteins with ¢; indicating the radius of the ith protein.
The simulation of the dynamics of a solution at molar
concentration C is performed in a cube of side Lyox by
choosing the number of simulated proteins N in the box
such that C =N/(L3b0xNav), where N,, is the Avogadro
number. The solvent is considered as a continuum with
an effective viscosity, #, that is assumed to be uniform
within the system. Periodic boundary conditions are
then applied in order to avoid surface effects (Allen and
Tildesley 1987). The box is replicated throughout the
space to create an infinite grid and every time a particle
overpasses one of the boundaries, one of its periodic
images will enter from the opposite face. The solution
density is kept constant by assuming periodic boundary
conditions. Since most of the time the concentration of
protein solutions are given in terms of mass concen-
tration, ¢, it is useful to link this quantity to the box
size:
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where N is the number of monomers within the box and
Mmon> Vmon and pmon the mass, volume and density of
the protein, respectively. The side of the box is then
determined according to the density.

On each bead we assume a local frame of reference
whose three unitary and orthogonal vectors are {f, v, u}
and have their origin at the center of mass of the bead.
At each simulation step the configuration of the system
is given by the N coordinates, r;, of the center of mass of
the beads and 2N unitary vectors, f; and u;. Regarding
inter-protein interactions, only the screened electrostatic
interaction due to the charge surface density on the
proteins at the specific experimental pH value is con-
sidered. The force on the jth protein due to the inter-

action with the ith protein, each endowed with charge Q;
and Q,, is given by:

Fji = —Fj
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where RU =I;,—r, Rij = ‘Rij| and U/i = Rl‘j/R,:/‘. The
dielectric constant of the medium is € and the screening
Debye-Hiickel parameter is kp=(8nLgC)">, where Ly
is the Bjerrum length (Dhont 1996). As a reference,
Ly ~ 0.73 nm in water at 25 °C. The total force F;
acting on the jth protein is the sum of all the forces
due to the interaction with the other proteins. In the
computation of the force we have assumed the mini-
mum image convention algorithm (Allen and Tildesley
1987) by computing the forces between the jth protein
and other proteins (or images of them in the neigh-
boring boxes) in a box of length Ly, centered around
the jth protein.

In order to keep the simulation CPU time at a min-
imum, we have also applied the cut-off approximation,
that is, only interaction between spheres closer than the
cut-off distance, r., will be considered. In this case, and
using a circular cut-off, the number of interaction terms
to be calculated is reduced by a factor of 47r > /3L3box, o)
the CPU time clearly diminishes.

The Brownian dynamics (BD) is performed according
to the standard algorithm by Ermak and McCammon
(1978) for the translation and its extension to rotational
diffusion (Dickinson et al. 1985). The translational dif-
fusion 3N x 3N matrix is computed according to the
Rotne-Prager-Yamakawa tensor (Rotne and Prager
1969; Yamakawa 1970). For the diagonal terms, the
3 X 3 matrices are diagonal with the non-zero terms
Do= KT/6mna. For the off-diagonal matrices (i # j):

R : R;; 24° (1 R;i : R;;
I+ ij ij +2 (21— ij ij
( R ) Rj (3 k5
(3)

where 7 is the solution viscosity, « is the sphere radius,
R is the vector from the center of the of sphere i to the
center of sphere j, and I is the unit tensor.

It should be noted that when overlapping occurs,
there can be problems when inverting the supermatrix in
the frictional force calculation (Carrasco et al. 1999).
Therefore when the overlapping occurs we have chosen
the diffusion tensor proposed, on the basis of empirical
considerations, by Zipper and Durchschlag (1997):
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As this tensor refers to the penetration of equal size
spheres, these authors assume a mean radius between the
two particles. There are two possibilities:

Amean = (ai + a_/)/z
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(4)

(5)
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These are empirical solutions with no clear theoretical
support, but lead to acceptable results and allow us to
solve the inversion problem of the supermatrix in the
frictional force calculations.

For the rotational diffusion, we neglect rotational
hydrodynamic interactions and assume that the rota-
tional diffusion for the ith protein is described by two
diffusion coefficients, one for spinning g ; and one for
tumbling @t ,; motions.

In the BD algorithm of Ermak-McCammon (Ermak
and McCammon 1978), the position of the beads r; after
the time step d¢ are obtained from the previous ones, r.°,
accordingly to:

0, v oDj; Lm0 o
n=r ) Sy Dy Fjor+ 24(00) (7)
=1 “H =1
where the superscript 0 indicates that the variable is to
be evaluated at the beginning of the Brownian step; F; is
the mechanical force on bead i, D;; the diffusion tensor
and %;(0t), the random vector.

This stochastic term is sampled from a Gaussian
distribution defined by:

(#,(60)) = 0 ®)
(%:(01)%;(5t)) = 2Dy;(t)dt 9)

The diffusion tensors used here (Eqgs. 3 and 4) have
the property that:

N oD?
R
or:
=1 o
and therefore this term can be dropped from

Eq. (7). This greatly simplifies the calculation of the
displacements as the gradient of the diffusion tensor
does not have to be calculated. The BD algorithm
simplifies to:

1 N
= g 2Dl For - (o) 1)

We give here also the extension of the previous al-
gorithm to the study of rotational motion even though
we are not applying numerically this algorithm in the
present report. For the rotational motion we assume
that no external torques are acting on the proteins, i.e.
no dipole moments on the proteins are considered. In
this case, for each simulation step the unitary vectors
change their direction according to:

fi(t + ot) = £i(¢) + 0¢bs vi(t) — Spr mi(t)
(1 + 0t) = (1) + oy £i(2) + o vi(?)

where the stochastic terms are sampled from Gaussian
distributions defined by:

(11)
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A critical parameter in our simulations is the time
step. On the one hand, its size is restricted to values
which are sufficiently high so that we are on a diffusive
regime (A7 > mD;"/kT). On the other hand, numerical
accuracy limits its maximum value, requiring it to be
sufficiently low so that the force on the particles and the
diffusion tensor are essentially constant during the time
step (Iniesta and Garcia de la Torre 1990).

(12)

Computation of the fluorescence fluctuations

Fluorescence fluctuations arise from the diffusional
motion of the small globular proteins in and out of the
excitation volume. The excitation of tiny volumes of
solution is obtained either from the use of confocal
microscopy (Wilson 1990) or of multiphoton excitation
microscopy (So et al. 1995).

In the present communication we assume that in the
sample region there is only one fluorescent chemical spe-
cies and that only a single photon emitted by the light
source is needed in order to excite a fluorescent molecule.
In this case, the fluorescence emitted by the sample is:

F(1) = kOG(Q(1)) / W (r) - n(r, £)dr

In this equation, k is a numerical constant, n(r,?) is the
number concentration at position r at time ¢, Q is the
absorption cross-section, W(r) is called the molecular
detection efficiency (MDE) and G(€(¢)) is the photo-
selection factor that depends on the orientation of the
excitation and the emission dipoles, p*° and p*", with
respect with the excitation and emission polarization di-
rection, €qxe and eqpm:

G(Q(1) = fe(Q1)/a(Q())

where the excitation and the
are:  fa(Q(1) = [1(QD)) - texc]”
(1™ (Q()) - 8em]z-

In the case of confocal single photon microscopy, the
use of high numerical aperture objectives (NA ~ 1) and
small detection pin-holes (~100 um in diameter) leads to
an excitation laser profile well described by a 3-D
Gaussian:

(13)

(14)

emission factors

and  fg(Q(r)) =

2 2 2
W(r) = fexp| 2513 H% (15)
"o 20

with wy and z, being the transversal and longitudinal
width, respectively (Rigler et al. 1993).

In our case, the numerical concentration n(r,?), is a
discrete quantity because the system is made of N
particles:

N

n(r,t) = Z o(r —r;(2))

i=1

(16)



132

The fluorescent signal becomes:
N

F(t) = kQlIy Z G(Q(1))
=1

[(x —xL) (- YL)z}

(z—1zp)
X -2 —
exp W% z%
(17)

where (x1,y1,21) is the position vector of the laser beam.

In the case when unpolarized excitation is used and
no analyzer is employed for the detection, the fluores-
cence signal does not depend on the orientations of the
transition dipoles since the orientation factor in Eq. (17)
is rotationally averaged. In the following we will not
take into account the orientation factors, though the
computation of the correlation functions can easily be
performed within our model and is essential in the case
of simulations of macromolecules of sizes similar to the
excitation spots.

Simulation methods

We represent the model proteins with spheres of radius
8.57 x 10°® cm, having a density=0.75 g/cm® and a
charge of Q in the range 1-5 proton charge. This equates
approximately to a small globular polypeptide with
molecular weight 1600 Daltons corresponding to ~20
residues.

In all of our FCS simulations we have used a number of
particles 6 <N <12 and excitation volumes which range
from 0.18 to 2.1 fL that correspond to wy ~ 0.35-0.5 um
and zg =~ 1.5-3 pm. In all our FCS simulations we have
positioned the beam laser in the center of the box. Typical
mass concentrations are chosen in the interval ¢=0.8—
16 pg/L, which correspond to molarities of C =0.5-10 nM.
In these conditions there is a minimum of 0.05 and a
maximum of 12 particles per excitation volume.

We consider the solvent as a continuum, having a
density of 1 cP and a dielectric constant ¢=280. The so-
lution has a high ionic strength (50-100 mM) and the
temperature of the system is uniform and equal to 293 K.
At the beginning of each simulation we put the beads in
such a way that there is one of them at the center of each
cube of volume Ly, /N in which we can divide the total
volume of the box. We run then 10° equilibration steps
before starting the simulation of interest. Unless speci-
fied, the length of the trajectories is 210 ms and the time
step is 200 ps.

Results
Translational diffusion

As a first test of the computer simulations, we have
measured the protein’s diffusion coefficient from the

slope of the center-of-mass mean-square displacement,
according to the relation (|r;(¢) — r;(0)]*) = 6D;6t. In
order to obtain the correct diffusion relation, one must
carefully avoid even rare overlapping of the beads.
When no care is taken of avoiding this overlapping, a
noticeable dependence of the protein translational dif-
fusional coefficient on the number of particles present in
solution, N, is found as shown in Fig. 1. This behavior
cannot be ascribed to protein—protein interactions be-
cause we are working with a very dilute solution having
high ionic strength (50-100 mM) and low particle
charges. Besides, the side of the cube, Ly, is chosen so
that the numerical density is kept constant when varying
the number of particles. The reason for this anomalous
behavior is only the partial overlapping between beads,
which takes place when by random displacement the
distance between two of them is less than the sum of
their respective radii.

The overlapping can be solved in two different ways.
The forces can be cut-off, if two beads overlap, at the
value assumed when they are at the distance of maxi-
mum approach. A second possibility is to compute again
the random term in the BD algorithm until no over-
lapping occurs. This procedure is based on the consid-
eration that the random displacement is the dominant
part of the total protein displacement. For the simula-
tions presented here, where low surface charge densities

90 4
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Fig. 1 Diffusion coefficient of the proteins obtained from the slope
of the center of mass displacement. The simulations were run with
Q =1, ionic strength =50 mM. The number of proteins N is varied
as indicated in the plot, while the solution concentration is kept
constant at ¢=10 pg/L by varying the box size. Each diffusion
coefficient value is obtained as an average over the N monomers
employed for the simulation. The dashed line corresponds to the
simulation value of D="71.4 ym?/s. The two open squares have been
obtained by re-computing the random displacement at each time
step until no overlap was found



are considered and relatively high screening is assumed,
the two methods give very similar results and the first
has the advantage of requiring less CPU time. However,
when stronger interactions are considered the second
solution should be preferred.

Since we are changing the box length and the
number of molecules in order to obtain a constant
value of the concentration, we cannot ascertain from
the results reported in Fig. 1 whether the boundary
conditions, related to the size of the box, or the over-
lapping effect is responsible for the observed behavior.
We have therefore performed simulations with the
second type of corrections suggested above and show
the corresponding diffusion coefficients for N=20 and
N=321n Fig. 1 as open squares. As was expected, the
computed diffusion coefficient is now very close to the
expected value.

An additional critical parameter in our simulations is
the time step. We are interested in values of Af as high as
possible in order to reach longer trajectories (always in
the diffusive regime, that is At > 1;; = m;D;;/kT). On the
other hand, its value must guarantee that the change of
the potential energy per particle is less than k7 and that
the diffusion tensors are constant during the time step.
Since the numerical integration algorithm is accurate for
At—0 (Iniesta and Garcia de la Torre 1990), we must
find a range of time step values where the algorithm is
stable and the diffusive regime is ensured. Figure 2
shows the dependence of the translational diffusion co-
efficient on the time step that we find for the case Q=35
and for an ionic strength of 50 mM. Instead of re-
maining constant with Az, there is a gradually growth of
the diffusion coefficient when the time step overcomes a
certain value. For large At values a particle may get too
close to another one in just one step, giving rise to a
repulsion higher than that predicted by the dynamics
equations. The particle then moves more rapidly than
expected from the stochastic equations and this leads to
a higher effective translational diffusion coefficient.
Based on the results in Fig. 2, we have decided to use a
value of 200 ps for the time step.

Fluorescence correlation spectroscopy

The autocorrelation function of the fluorescence fluctu-
ations gives information on the dynamics of the system
and is defined as:

(5F (1 +7) - 5F (1)),
(F(1))

where 0F(t)= F(1)—(F) is the fluctuation around the aver-
age fluorescence intensity and the subscript “¢” indicates
the average over the time. If the particles undergo only
translational diffusion, the fluorescence fluctuations occur
because the particles sample different portions of the laser
beam in their Brownian motion and G(t) becomes:

G(7) =

(18)
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Fig. 2 Diffusion coefficient of the proteins obtained from the slope
of the center of mass displacement reported versus the time step of
the simulation. The simulations where run with Q=35, ionic
strength =50 mM. The concentration is ¢=10 pg/L and N=10.
Each diffusion coefficient value is obtained as an average over the
monomers employed for the simulation. The dashed line corre-
sponds to the simulation value of D=71.4 pm?/s

_r. !
= (14 1/1) - (14 7/7)?

where y=(1/2)*? is a geometric constant for the 3-D
Gaussian approximation and (N) is the average number
of molecules in the sample region related to the average
number concentration, (n), as:

(N) = (n)Vexc

(19)

(20)

The excitation volume for the 3-D Gaussian ap-
proximation is Vexc = (n/2) “wjzo and 1y, and 7. are
the characteristic diffusion times of the particle through
the area illuminated by the focused laser beam in the
transversal and longitudinal directions, respectively. The
G(7) dependence on . is weaker than that on t,,, and it
is more evident at longer times:

Ty = Td = wé/4D (21)

T, =z, /4D (22)

As we have commented before, we use a time step of
200 ps, which is much greater than the momentum re-
laxation time, t =~ 0.1 ps. For our choice of the protein
size, the diffusion coefficient is D=71.4 um?/s and the
typical diffusion time is 7., ~ 0.56 ms for wy=0.4 pm.
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The total simulation time, 210 ms, is much larger (~375
times) than the diffusion time.

In Fig. 3 we show a typical graph of the fluorescence
light impinging on the detector as a function of time.
This quantity does not represent the output of the de-
tector that contains also the effect of the shot noise.
Apart from the first channel, G(0), no other shot noise
effect is present in the autocorrelation function. How-
ever, if we liked to simulate the histogram of the photon
counting as obtained from the photo-detector, we
should convolute the simulated fluorescence with the
Poisson response of the detector, as outlined later in this
discussion.

From each BD trajectory we have computed the
fluorescence correlations with different laser parameters
for our simulations in the following intervals,
woy = 0.35-0.75 um and zy = 1.75-3.75 um, so that the 3-
D Gaussian approximation is still valid for the laser
intensity profile in confocal collection. An example of
the autocorrelation function of the fluorescence is
represented in Fig. 4 for a solution at ¢ ~ 3 pg/L, to-
gether with a best fit according to Eq. (19). In the best fit
procedure the relaxation time in the axial direction has
been assumed as 1. = 7,,(zo /wo)?. The uncertainties re-
ported in Fig. 4 are obtained dividing the 210 ms tra-
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Fig. 3 Fluorescence signal simulated from a solution of proteins at
a concentration ¢=3 pg/L. The number of monomers per cell is
N=10, the ionic strength is 50 mM and Q =1. The inset shows an
enlargement of the fluorescence rate between 30 ms and 32 ms of
simulation time

jectory into four equal-size subtrajectories (52.5 ms
each), on which we have computed the fluorescence
autocorrelation function and have averaged the result.

The diffusion time 14 is a function of wy and of the
translational diffusion coefficient, D, which is obtained
from the position correlation functions with an error
<2%. Representing t4 (obtained from the fit of the
autocorrelation function) versus the ratio woz/D, a linear
dependence with a slope 0.26 +£0.03 is found, as is ex-
pected from Eq. (21).

We have not explicitly added additional noise to the
simulated autocorrelation functions in the results pre-
sented below. However, one must take into account the
dependence of the normalized standard deviation
CFSD(1) = (G(1))((G(t)*) — (G(£))*)™*° on three pa-
rameters: the number of photons emitted per molecule
and per sampling time, N,, the total number of
samplings M, per measurement, and the number of
molecules per excitation volume, p. In Quian’s treatment
(Quian 1990) the CFSD(0) scales as:

0.5
M
CFSD(0) — N, (H—W> for p — oo (23)
P

which is similar to the result of Koppel (1974), and:

G(r)

0.0

M ) L] ¥
0 100 200 300 400
lag time [ps]

Fig. 4 Fluorescence autocorrelation function G(z) for the case
reported in Fig. 3 and for wy=0.35 pm and zy=1.75 pm,
corresponding to Vegxc=0.42 fL. The solid line is the best fit to
Eq. (19) with best fit parameters, 7,,=470+£100 ps and
(N)y=0.940.14. The relaxation time for the diffusion in the axial
direction is assumed as 7. = Ty, (29 /W0)2 in the best fit procedure.
The uncertainties correspond to the average over four subtrajec-
tories of the original 210 ms trajectory



CFSD(0) — N, (ﬂ) for g — 0 (24)

1+ N?
which, differently from the Koppel result (Koppel 1974),
depends on the number of molecules per excitation
volume. Therefore the higher is the dilution, p = 0, the
longer should be the measurements and the duration
time scales approximately as C . Finally, it must be
noticed that an extremely important parameter is the
molecular brightness that determines the CFSD(0) lin-
early through N,,. The simulations presented here are for
normalized fluorescence properties and are not meant to
reproduce the behavior of the standard deviation of the
G(7) given by Egs. (23) and (24).

Photon counting histograms

If we are interested in the spectroscopic heterogeneity of
the sample, it is more convenient to analyze the fluo-
rescence fluctuations by computing the photon counting
histogram (Kask et al. 1999; Chirico et al. 2000; Muller
et al. 2000). This is due to the fact that the dependence of
the correlation function on the molecular brightness is
brought by the first channel of the autocorrelation
function G(0) that is usually affected by a considerable
uncertainty. On the other hand, the whole photon
counting histogram shape depends critically on the
molecular brightness and therefore its analysis can yield
much more accurate results in determining the molecular
brightness and the number of molecules per excitation
volume. It is therefore interesting to test the simulation
procedure and the model proposed here also for the
computation of photon counting histogram. In order to
do so we must take into account the Poisson statistics of
the photodetector emission by weighing the fluorescence
distribution Zg(F) with a Poisson function as given by
the Mandel-Wolf relation (Saleh 1978):

s k
o) = [ 2epm) B

0

exp[—pF|dF (25)

where fis the quantum yield of the detector. In practice we
compute the histogram of the simulated fluorescence and
convert the previous equation to a discrete sum. The value
of f should be obtained experimentally for each photo-
detector; in the following examples we have assumed
f =~ 1. Typical results for these computations are shown
in Fig. 5. The fluorescence histograms in Fig. 5a corre-
spond to concentrations C =0.5nM and C=10nM and to
the efficiency values f=1.6 and =0.3, respectively. They
are weighed over the Poisson function in order to obtain
the photon counts histograms p(k) reported in Fig. 5b.
The statistical uncertainties on the histograms have been
computed according to the relation (Chen et al. 1999):

(k)1 —p(k))} "

p
o) = [P0 (26)
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Fig. 5 a Histograms of the fluorescence computed for simulations
corresponding to C=0.5 nM (filled squares) and C=10 nM (open
circles). b Photon counting histograms computed for the two cases
reported in a by assuming = 1.6 (for C=0.5 nM) and f=0.3 (for
C=10nM) in Eq. (25). The solid lines are the fit made according to
the Eq. (27). The best fit values are Cp,=0.45+0.1 nM (for filled
squares) and Cg=1243 nM (for open circles)

where we have assumed a total number of counts collected
M =10°. The solid lines are the fit of the simulated photon
counting histograms to the analytical relation developed
by Chen et al. (1999):

o0 n,—(N)
k)= ek, Vo, )

p(1>(k7 VOvﬁ) ®p(l)(k7 V07b) ® <1) (k7 V07ﬂ)

™) (k, Vo, B) =
p (7 07[) 1 times

(27)

where V) is the integration volume and the single molecule
photon counting histogram p"(k,V,p) is given for the 3-
D Gaussian shape of the laser beam by Chen et al. (1999).
The average number of molecules (N) per integration
volume ¥, gives us the average best fit concentration
ng=(N)/Vy. The analysis of the simulated histograms
according to Eq. (27) is satisfactory for the two concen-
trations and gives best fit concentrations in good agree-
ment with the simulated values, ng, = 0.45+0.1 nM and
ng = 12+3 nM, respectively. For the fluorescence effi-
ciency we find f=0.34+0.1 for the more concentrated
solution and f=1.7+0.5 for the more dilute solution,
again in good agreement with the simulation values. The
uncertainties in the best fit parameters are obtained by
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simulating photon counting histograms on four subtra-
jectories for each simulation. This result indicates that the
simulations of the photon counting histograms can be
obtained from BD simulations.

We have further investigate the effect of the simula-
tion statistics on the computation of the photon count-
ing histogram by computing the histograms on
subtrajectories of decreasing duration, finding that the
simulation procedure gives very similar results even
when we consider trajectories only 1/10 of the ones used
for the computation of the autocorrelation functions or
of the histograms reported in Fig. 5.

Scanning fluorescence correlation spectroscopy

In the scanning FCS technique, the beam is moved on a
circular path centered in the middle of the cubic box,
with radius 4 and period T=2n/w. The intensity dis-
tribution of the laser beam in the solution is therefore
time dependent. The position of the center of the beam is
displaced as a function of time by a scan vector:

r5(¢) = A cos(wt)i+ A sin(wt)j (28)

This method (Berland et al. 1996) is used to avoid
photobleaching (Eggeling et al. 1998) problems (which
can arise if the sample has a slow diffusion) and to im-
prove the determination of G(0), which gives informa-
tion on the average number of particles in the excitation
volume.

The laser beam coordinates (xi,yr,zr) are functions
of time:
x;, = Lvox/2 + A cos(wi)
YL = Liox /2 + A sin(wt)
2L = Lvox/2
The autocorrelation function is given in this case by the

autocorrelation without scanning (Eq. 19) multiplied by
a scanning factor (Berland et al. 1996), S(7):

Gs(1) = G(1) - S(7)

(29)

—44%(1 — cos(wt))
(1+£)3

(30)

This experimental method is based on the choice of a
revolution period smaller than the diffusion time of the
fluorescent probe. When a particle is found along the
scanning path, it will be found also at the next revolu-
tion since it has not the time to diffuse away from the
scanning path. Therefore we expect an echo signal after
one period as well as after 27, 37, etc. However, the
particle slowly diffuses away from the scanning path, so
the height of these peaks decrease with time. Equa-

tion (30) describes this behavior analytically as devel-
oped by Berland et al. (1996).

On each of the BD simulations we have computed the
scanning FCS correlation functions, obtaining decays
similar to that of Fig. 6. These functions have been fit to
Eq. (30) by leaving the average number of proteins per
excitation volume, (N), the diffusion time, 74, and the
scanning pulsation, w, as free parameters. As in the non-
scanning method, 7. is assumed as 7. = (zo/wo)’7q. In all
cases the whole decay of the correlation function has
been successfully fit to Eq. (30), obtaining parameters
that are in good agreement with the simulation values.
For example, from the fit of the autocorrelation function
in Fig. 6 we obtain 74=250 ps and (N)=2.8 that cor-
responds to wg=0.27 um and ¢=28 pg/L, in good
agreement with the simulation parameters reported in
the caption of Fig. 6.

Again, as in the non-scanning case, we verify that the
simulation procedure works out properly representing t4
as a function of w}/D. The slope recovered from the
linear fit is 0.24 £ 0.03, to be compared to the theoretical
0.25 value. The results obtained in our FCS and scan-
ning FCS are composed together in Fig. 7. In the lower
panel of Fig. 7, 14 is plotted versus wo?/D and fit to a
linear relation finding a slope of 0.2540.04, in good
agreement with the theoretical value, 0.25. In Fig. 7,
upper panel, we have compared the theoretical numeri-
cal concentration with the average number of particles
within the excitation volume obtained from our simu-
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Fig. 6 Fluorescence autocorrelation function G(tr) simulated for
the scanning case with scanning pulsation w=75.7 kHz and radius
A=0.24 pm. The beam profile is characterized by wy=0.27 pm,
zo=1.35 pm and ¢=30 pg/L. The best fit parameters are 74 =250 us
and (N)=2.8
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Fig. 7 Summary of the fitting of the autocorrelation functions for
the scanning and non-scanning cases. The best fit values of the
diffusion time are reported versus the ratio wy>/D in the lower panel.
The linear fit reported in the plot corresponds to a slope 0.25+0.04.
In the upper panel the best fit values for the average number of
proteins (N ), per excitation volume is reported versus the simulation
value (N). The linear fit corresponds to a slope of 1.0+£0.15

lations. The initial value of the autocorrelation function
(G(0)=7y/(N)) gives the average number of molecules
within the volume of sample illuminated by the laser
beam. The slope of the fit has a value of 1.0+0.15, very
close to the expected behavior. The larger uncertainty in
the value of (N) is probably due to the fact that the
number of particles is very low, with consequent large
fluctuations but low occupation times of the excitation
volume. Much longer simulations should be run in order
to reduce the uncertainty in this parameter.

Scanning FCS in highly diluted samples

We have computed the scanning autocorrelation func-
tions for highly diluted solutions, corresponding to much
less than one molecule per excitation volume. Also in this
case we find a periodic behavior in phase with the scan-
ning period, as it is evident from Fig. 8. The decay of the
correlation functions resembles the one predicted by
Eq. (30) and found for the simulations at higher con-
centration (see Fig. 6). However, we observe an anti-
correlation effect particularly evident at short lag times,
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Fig. 8 Fluorescence autocorrelation function G(r) simulated for
the scanning case with w=151 kHz and radius 4=0.24 pm. The
beam profile is characterized by wy=0.35 um, zp=3 pm and
C=0.5 nM. The best fit solid line corresponds to a number of
molecules (N)=0.38 and has been obtained by keeping the
diffusion time at t4=250 ps. The dashed line corresponds to
(N)=0.3 with the diffusion time kept at 74 =170 ps. The dotted line
corresponds to (N) =0.36 with the diffusion time kept at 74 =430 ps

as shown by the autocorrelation function simulated for a
C=0.5nM solution and plotted in Fig. 8. The fit of this
decay to Eq. (30) is satisfactory only if we add a constant
additive factor to the autocorrelation function. However,
when the diffusion time is kept at the simulation value,
14 ~ 430 ps, the autocorrelation function is underesti-
mated at short lag times and overestimated at long ones.
The best fit value of the diffusion time, 74 = 170 pus,
would correspond to a value of the beam waist,
wo =~ 0.22 um, sensibly smaller than the simulation value,
wo=0.35 pm. This indicates that Eq. (30) is not adequate
to accurately describe the behavior of the autocorrelation
functions of highly dilute solutions.

The anticorrelation effect is evident for lag times
<0.3 ms, i.e. for lag times of the order of the diffusion
relaxation time. This effect disappears at higher concen-
trations (it is hardly visible in the function reported in
Fig. 6) and may be interpreted as a non-uniform distri-
bution of the molecules in the simulation box. For the
simulation in Fig. 8§ we have employed six molecules per
simulation box whose volume was 20 fL, corresponding to
a linear size of 2.7 um. With such a low concentration it is
very unlikely that the molecules are uniformly distributed
over the box and therefore the fluorescence obtained by
scanning the solution is, on the average, larger in one part
of the scanning period than in the other. Let us imagine
dividing the simulation volume into N sub-volumes, one
for each of the N molecules. Then the probability to have
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all the molecules in one sub-volume, a case that corre-
sponds to the maximum inhomogeneity and therefore to
the maximum anticorrelation, should scale as ~e ™/
(N+ 1), Therefore the larger is N, the smaller anticor-
relation we should expect. If the diffusion of the fluoro-
phores is such that in the simulation duration the
molecules can exchange between different sub-volumes,
then we should not expect a large dependence of the
simulation output on the starting configuration of the
system, as we have verified for the total simulation time of
210 ms (data not shown). In our case, the diffusion coef-
ficient is D="71.4 um?/s and the fluorophores displace on
average (Df)*> ~ 3.8 um in the =210 ms of simulation
that is larger than the linear size of each of the six simu-
lation sub-volumes, ~1.5 um. Therefore in this case we
expect that the inhomogeneous distribution of the
fluorophores may be relevant and induce anticorrelation
effects, although the simulation outputs are not much
dependent on the starting random configuration. For
macromolecules much larger than those simulated here,
such as plasmid DNAs, this anticorrelation effect should
be visible for longer times that are comparable with the
diffusion time in the scanning area, ~7nA>. In such cases,
the translational and rotational diffusion of a single large
macromolecule should affect the amount of the observed
anticorrelations, that could then be used as a fingerprint of
the molecular diffusive motions.

Conclusions

We have described a model for the Brownian dynamics
simulation of fluorescence fluctuations arising from so-
lutions of small uniformly fluorescent macromolecules.
This algorithm can be useful to the study of small
globular proteins and has been tested and applied here
to the computation of fluorescence autocorrelation
functions as well as photon counting histograms. The
simulations of the scanning FCS for highly dilute solu-
tions indicate the presence of a small but finite anticor-
relation effect for lag times of the order of the diffusion
time. This effect disappears at higher concentrations of
the fluorophores and is probably due to the non-uniform
occupation of the scanning area by the fluorescent
molecules. We speculate here about the possibility to use
this effect to study the diffusional motions of single large
macromolecules. As a matter of fact, plasmid DNAs
have elongated shapes with long axis 0.3-0.5 um in
length, comparable with the beam waist and to the
scanning radius. In this case the anticorrelation effect
should arise from the elongated shape of the DNA and
the decay of the scanning autocorrelation function
would be related to the tumbling rotational motion. We
are currently investigating this possibility by performing
Brownian dynamics simulations.
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